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The activation energy of decomposition of alurniniurn hydroxide vs. weight loss was 
estimated from thermogravirnetric data collected over a wide range of heating rates, 
without resorting to the model of the reaction mechanism. 

These activation energy values were subsequently used to distinguish individual 
dehydration stages and to determine the best models of the reaction kinetics for these 
stages. 

Finally, the overall decomposition model was formulated, and its parameters were 
determined by the non-linear estimation approach. 

Owing to the development of  numerical, computer-based identification method, 
derivation of a model for the multi-stage thermal decomposition of a solid has 
become a greatly simplified task [1 ]. However, a suitable procedure for processing 
of experimental data to obtain the most information possible on the individual 
decomposition stages remains of  significance. Such a procedure should help to 
establish a preliminary model structure and determine the activation energy values 
for the individual stages. 

Here, a method is advanced for determining the activation energy and the model 
structure for the individual thermal decomposition stages, and for develoifing 
a kinetic model of  overall decomposition that would most accurately account 
for  the, experimental data over a wide range of experimental conditions. 

Theoretical 

In the multi-stage thermal decomposition of a solid under increasing tempera- 
ture it often happens that the successive stages of  the process overlap rather than 
proceed separately. 

Depending on the decomposition mechanism involved, the chemical reactions 
corresponding to the individual stages can occur either consecutively or simul- 
taneously. 
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a) Consecutive pattern 

A s ~ B~ + Cg stage I (1) 
B~ ~ D~ + Eg stage II 

b) Parallel pattern 

A s ~ B~ + Cg stage I (2) 
F~ --* Gs + Hg stage II 

The weight loss of the sample undergoing decomposition can be expressed in 
terms of the conversion degrees achieved in the individual reactions, according 
to the formulas 

a) y = m c + m E = mo(K~ 1 + K~1~2) = Kla 1 + K2cq~2 (3) 

where ~1 = m c / m c ~ ;  ~2 = mz/mE~ 
t , t 

Kt = M c / M A ,  K~ = M z / M  A 

1(.l = rnoX; ; K2 = moK~ 

m c ~  = moMc/MA ; m~o~ = m c M E / M r  

m 0 = /T/A0 
t t 

b) y = m c + m H = mAoKlc q + mFoKz~.z = KI~ 1 + K2c~2 (4) 

where cq = mc/mcoo; c~z = mH/mHo ~ 

K~ = Mc/M~.  ; K~ = Mn/Mr.  

K 1 = mAoX;; /(2 = mFoX~ 

mco o = mAoMC/M A ; mHoo = m~,oMn/M ~ 

mA0 -b mFo = m0. 

The meanings of the symbols used in the above formulas are as follows: m 0 = 
= initial weight of sample; m o mE and m H = weights of gaseous compounds C, 
E and H evolved during decomposition in time t; mco~, mEo~ and mHo~ = weights 
of compounds C, E and H which correspond to their complete formation; ma0 
and mF0 = weights of compounds A and F before decomposition; M A, M o  ME, 
M F and M n -- molecular weights of the respective compounds; al and ~., = con- 
version degrees in the individual decomposition stages. 

On substituting the values ~1 = 1 and ~2 = 0 into Eqs (3) and (4), we obtain 
in both cases 

YI = /s (5) 

Thus, constant /(1 accounts for the total weight loss in the 1st reaction stage. 
By introducing the values e~ = 1 and ez = 1 into Eqs (3) and (4), we receive 

Yi, n = K1 + /(2 (6) 

Constant/(2 can be found from Eqs. (5) and (6) as the weight loss of the sample 
in the 2rid decomposition stage. From analogous reasoning for the three-stage 
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decomposition process, the following formulas are obtained for the weight loss 
of the sample 

a) y = K1~1 + K2ele2 + K~1~2~3 (7) 

b) y = Klc~ 1 + K~e2 + K3c~3 (8) 

where cq = conversion degree in the i-th stage, and K i = total weight loss 
in the i-th stage. 

To determine the weight variation with time, y(t), Eqs (7) and (8) should be 
supplemented with the kinetic equations, expressed in terms of the conversion 
rates for the individual stages, viz. 

~i = k0i exp ( -Ei /RT)f (a i )  (9) 

where E i = activation energy for the i-th stage (which in general may be different 
for various conversion values), k0~ = pre-exponential factor, T = 
absolute temperature, f ( e i ) - - a  function that accounts for the 
reaction mechanism, R = gas constant, and fi~ = dc~i/dt = rate of 
the i-th reaction. 

The set of Eqs (7) and (9), or (8) and (9), constitutes a model of the multi- 
stage thermal decomposition process. This model can be used for practical pur- 
poses, provided such data are known as the parameters Ki, the form of function 
f(c 0 along with its associated parameters, and the parameters of the rate equations, 
k0i and E i. 

Experimental 

As the experimental data required for the evaluation of the parameters and the 
selection of the model of the reaction kinetics, the values of the temperature and 
the weight loss with time were used. These values were taken from the thermal 
curves obtained for decomposition of aluminium hydroxide, the compound 
produced by ammoniacal hydrolysis of basic aluminium ammonium sulfate. 
The compound examined, of molar composition A1203" 2.07HzO, contained 
some trace impurities (KzO 0.022~, NH3 0.024~ and SOa 0.30700), whose pre- 
sence was due to incomplete hydrolysis of the starting salt. Measurements were 
made with a P a u l i k - P a u l i k - E r d e y  MOM derivatograph. The weight of the 
sample decomposed was 300 mg in all runs. The curves recorded covered a wide 
range of experimental conditions. Average heating rates were 0.75 to 12~ 
and the final decomposition temperatures ranged from 150 to ca. 1200 ~ (Table 1). 

Illustrative thermal curves of the compound under study are given in Fig. 1. 
Inspection of the TG and DTA curves shows that decomposition of aluminium 
hydroxide occurs in three stages. The first stage goes up to ca. 200 ~ and corresponds 
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to the l ibera t ion  o f  ca. 0.72 mole  o f  adso rp t ion  water ;  in the second stage ca. 
1.18 mole  o f  cons t i tu t iona l  water  is released, near ly  all  this quant i ty  being evolved 
at  t empera tures  up  to 600~ in the third stage, above  600 ~ , the weight  of  the sample  
changes very slowly. This last  stage is associa ted with the remova l  o f  the remainder  
o f  the water  (0.17 mole)  and  SO3. 

Decompos i t i on  o f  the sulfates starts  f rom 900 ~ . The process,  however,  could  no t  
be b rough t  to comple t ion  even by  p ro longed  i so thermal  ca lc inat ion  (ca. 5 hr) a t  
1300 ~ The  S Q  conten t  in the p roduc t  thus ob ta ined  was 0 . 0 1 2 ~  (3 ~ relat ive 

to  the ini t ial  content) .  
The chemical  compos i t ion ,  specific gravity,  and  dehydra t ion  pa t t e rn  for  the 

c o m p o u n d  under  s tudy indicate  tha t  i t  is a solid phase  with proper t ies  s imilar  to 

Table 1 

Characteristics of the thermal curves of the aluminium hydroxide decomposition 

Thermal 
curves, No, 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 

Average heating 
rate, 

~ 

0.75 
0.75 
1.5 
1.5 
1.5 
2.25 
2.25 
2.25 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
4.5 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 
6.0 

12.0 
12.0 
12.0 
12.0 
12.0 

Final temperature, 
~ 

150 
150 
3OO 
6OO 
6OO 
9OO 
9OO 
9OO 
3OO 
6OO 
6OO 

1200 
1200 
1200 
1200 
900 
300 
600 
600 
600 

1200 
1200 
1200 
1200 
600 
600 
600 

1200 
12o0 

Total, relative 
weight loss 

(mdmo), 
% 

8.2 
8.7 

12.0 
24.7 
24.3 
25.5 
26.7 
25.9 
11.8 
24.6 
24.3 
25.6 
26.2 
26.7 
25.9 
24.3 
11.2 
23.9 
24.5 
24.2 
26.0 
25.8 
25.3 
25.7 
17.7 
23.6 
27.0 
25.9 
26.2 
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Fig. 1. Thermal curves of the compound under study. Average heating rate 6~ 

those of  boehmite (7-A1OOH). This was confirmed by X-ray analysis o f  the com- 
pound and its decomposit ion products at 600, 800 and 1300 ~ . 

Determination of  the kinetic model parameters and structure 

The conversion degrees for the individual decomposit ion stages were evaluated 
from the formula 

c~ = (m -- ms)/m t (10) 

where m = weight loss of  the decomposed sample, 
ms = weight loss of  the sample before the onset of  a given decompo- 

sition stage, and 
m t = K i = total weight loss of  the sample in a given stage. 

The ms and m~ values for individual stages were preliminarily found from iso- 
thermal experiments and from the D T G  and D T A  curves recorded under non- 
isothermal conditions. 

Stage ms/mo m#mo 
% % 

I 0 9.3 
II 9.3 15.2 

III 24.5 2.5 
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Determination of  the activation energy vs. weight loss [2] 

By expressing the conversion degree in the kinetic Eq. (9) in terms of  the weight 

loss according to Eq. (10), one obtains 

/ m - -  m s 
(1/mt) d m / d t = k o e x p ( - E / R T ) f l ~ )  �9 (11) 

For  experimental  points with the same weight loss value m and  the same m s 
and m t values, taken from the curves recorded at various heating rates, Eq. (11) 
can be written in the form 

dm/dt = exp( -E /RT)  const. (12) 

Table 2 

The resultant activation energy for the aluminium hydroxide decomposition process vs. weight 
loss 

No.  
Relat ive  weight  
loss (m/mo), 

Activat ion energy 
(E), kJ/mole 

Relat ive  s tandard  
e r ror  

s.e. (E)]E 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 

1.3 
2.0 
2.7 
3.3 
4.0 
4.7 
5.3 
6.0 
6.7 
7.3 
8.0 
9.3 

10.7 
12.0 
13.3 
14.7 
16.0 
17.3 
18.7 
20.0 
21.3 
22.7 
23.3 
24.7 
25.0 
25.3 

35 
43 
44 
39 
38 
40 
40 
42 
46 
43 
44 
61 
82 
96 

119 
129 
149 
157 
157 
157 
167 
125 
87 
33 
23 

3 

1.34 
0.98 
0.96 
0.99 
0.95 
0.88 
0.89 
0.84 
0.77 
0.76 
0.74 
0.56 
0.50 
0.47 
0.43 
0.44 
0.41 
0.41 
0.42 
0.43 
0.41 
0.48 
0.63 
1.14 
1.29 
8.67 
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or, upon taking logarithms 
In rh = - E / R T  + e (13) 

where E = const, and c = const, for points corresponding to m = const. ; rh = 
= dm/dt. 

The n'~(t) values were obtained by numerical differentiation of the re(t) curves, 
i.e. TG curves, and their numerical smoothing. 

Equations (11) through (13) are valid in relation to a definite decomposition 
stage, under the assumption that the activation energy is constant. I f  stages over- 
lap, the E value found from these equations must be regarded as a resultant of  
the overlapping reactions. Such values of  the activation energy were determined 
from the experimental data by the linear regression method according to Eq. (13). 
Results are collected in Table 2. 

The s.c. (E)/E values in the last column of Table 2 are relative standard errors 
of  the activation energy estimates and represent the precision of the estimation. 
Calculations were made using the data from the following thermal curves: 

points 1 to 23: curves nos. 4, 5, 11, 18, 19, 20, 26 and 27; 
points 24 to 26: curves nos. 7, 8, 12, 14, 21, 28 and 29. 

Table 2 shows that the activation energy is nearly constant over the range m/m o = 
= 1.3 to 8 . 0 ~  and in the region th/m o = 16.0 to 21.3 ~ .  In the former range it is 
ca. 42 kJ/mole, and in the latter ca. 155 kJ/mole. The two regions mentioned cor- 
respond to the predominance of the first and the second decomposition stage, 
respectively. The intermediate range m/m o = 8.9 to 16.0~ corresponds to over- 
apping of stages I and II. 

Stage I I I  has a much lower activation energy than stage II, but very large values 
of the relative error s.e. (E)/E indicate that the data in this region are not accurate, 
and therefore cannot be reliably used for estimation of the activation energy. 

Determination o f  the average activation energies for the individual 
decomposition stages 

If, in a given area of  weight loss, a certain decomposition stage is predominant,  
as described by the general Eq. (11), for sets of experimental points selected in that 
area that correspond to successive constant values of  the weight loss, the following 
equations are valid 

In rh i = - E / R T  + q, where i = 1 . . . . .  n .  (14) 

Subscript i in these equations refers to a set of data that corresponds to a con- 
stant weight loss; n = number of  sets; and E = average activation energy in the 
weight loss range of interest. 

The average values of  the activation energy for the selected ranges of weight loss 
calculated by the linear regression method according to Eq. (14) are shown in 
Table 3. 
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Table 3 

The average resultant activation energy for the individual stages of the aluminium hydroxide 
decomposition evaluated independently of the form of kinetic model 

Stage 

I 

II 

III 

Average  activa- 
t ion energy 

(Eav), 

H / m o l e  

43.5 

124.8 

9.6 

Relat ive stan- 
dard error  s.e. 

(Eav) 

Ear 

0.25 

0.14 

[ 1 .45 
i 

I 

R a n g e  of  weight  
loss 

(m/mO, 

% 

N u m b e r  of  
exptl. 
points  

Curves used for  calcula- 
t ions 

1.3 - 8.0 121 

10.7-- 22.7 100 

24.7 - 25.7 [ 40 

4, 5, 10, 19, 20, 25, 26, 27 

4, 5, 10, 11, 18, 19, 20, 26, 
27 

7, 8, 12, 13, 14, 15, 21, 24, 
28, 29 

Since the regions where stages are distinctly separated are too narrow to be 
suitable for formulating a kinetic model, the selected ranges of  data also included 
measurements that corresponded to overlapping of neighbouring stages. As a 
result, the average activation energy for the region m/m o = 10.7 to 22.7 % is much 
lower than in the region m/m o -- 16.0 to 21.3 % where stage I I  is distinct (see previ- 
ous section). 

However, after the evaluation of kinetic models for the individual stages (see 
next section), the overall decomposition model is developed which accounts for 
all the stages concerned and allows one to adjust the values of  the average acti- 
vation energies. 

Selection of the best models for the individual stages 
of aIuminium hydroxide decomposition 

The estimated values of the activation energy, as found independently of  the 
form of functionf(~), can be used in the derivation of a suitable model structure. 
Of  a few alternative equations, the best model of a given decomposition stage is 
the equation in which the activation energy value is closest to the average, in- 
dependently-evaluated activation energy. 

The logarithmic form of kinetic Eq. (9) with incorporation of function f(~) 
in the forms listed in Table 4 [3] is linear with respect to the estimated kinetic 
parameters; these parameters can therefore be evaluated by the linear regression 
method on the basis of  the data corresponding to the given stage. 

By comparison of the activation energy values and the degree of fit of the model 
to the experimental data, expressed by the sums of the squared deviations, the 
following tentative models for the individual decomposition stages were taken: 

stage I: ~1 = k01 exp ( -E1 /RT)  (1 - ~1) ml 

stage II :  0~ = koz exp (-E2/RT) (1 - al)m'c~ ' (15) 

stage I I l :  ~a = k03 exp (-Ea/RT)(1 - a3) m' 

J. Thermal Anal. 17, 1979 
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Table 4 

Forms or function f(e) considered in the selection of the kinetic model 

Model f(e) 
No. 

(1-- ~)2/3 

( 1 -  ~)~ 

( 1 -  ~)"a" 

( -  In (1 -- ~))~ 

(1 - -  corn( - I n  (1  - -  cr p 

~" (-- I n  (1  - -  ~) ) t ,  

(1 - -  oOmo~n(- In (1 -- cO) ~ 

(1 -- cQlJa/(1 -- (1 -- ~)Xfg) 

( 1 -  c0213/(1- ( 1 -  ~)l/a) 

The values of the model parameters found on the basis of the selected experi- 
mental points are given in Table 5 as starting values for an iterative non-linear 
estimation procedure. 

Overall decomposition model 

The conclusive selection of the model and the estimation of the parameters 
were carried out by the non-linear estimation approach [4]. This approach con- 
sists in matching the results calculated from models (15), and (7) or (8), with non- 
transformed experimental data, by a suitable optimization of the model param- 
eters. The optimization procedure employed in this work was the linearization 
method with Marquardt 's modification [1, 5]. 

The differential equation set (15) was integrated by the 5th-order R u n g e - K u t t a  
method. Complete data from thermal curves Nos 2, 4, 14 and 29 were utilized in 
the calculations. As the starting parameters for the iterative estimation process, 
the values obtained from approximate decomposition models for the individual 
stages were taken. Results of the parameter estimation for the alternative de- 
composition models (7) and (8) are listed in Table 5. 

Application of the non-linear estimation approach permitted one to account 
for the effects of overlapping of successive stages, and to eliminate the simplifi- 
cation introduced in evaluating the values of the parameters for the individual 
stages. 

The value of the activation energy for stage II, 153.2 kJ/mole, compares well 
with the values found independently for the region where stage II distinctly pre- 
vails. The results obtained lends validity to the previously made conclusion that 
the observed change in activation energy during aluminium hydroxide decom- 
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Table 5 

The values of parameters in the alternative forms of the overall model 

Starting values 

Estimated values 
a) consecutive reactions model 
b) parallel reactions model 

Kllmo 

0.093 

0.091 
0.092 

Stage I 

EI~ 
k J/mole 

44.0 

56.5 
68.2 

In k0a 

12.0 

16.7 
15.9 

ml 

1.8 

2.5 
2.2 

position (Table 2) is actually a resultant of the overlapping of two stages with 
different activation energy values. 

The sum of squares criterion for the consecutive reaction model was about 
one-third less than the value for the parallel reactions model. Therefore, the best 
model of the thermal decomposition of aluminium hydroxide has the form: 

Y = m0(O.091 ~1 + 0.152 ~2 + 0-025 ~1c~2~a) 

del /dt  = e x p ( - 5 6 . 5 / R T  + 16.7)(1 - ~1)2.5 (16) 

dez/dt = exp ( -153 .2 /RT + 20.0)(1 - c~z)~ -3"e 

dc~a/dt = exp ( -  31.O/RT - 1.5) (1 - e3) 1'1 

where activation energies are expressed in kJ/mole. 

A 
80- 

6O 
0 
~E 

4O 

2O 

i i i I i I ~ i I i ~ t 
I00 200 

r ] i r T i ~ . .  
3 0 0  

Ti me ~ mir~ 

Fig. 2. Simulat ion~of  the exper imental  T G  data f rom thermal  curves 15 using the overa l l  
decomposition model (16). Solid line denotes the experimental curve. Circles denote calculated 

values 
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ofaluminium hydroxide decomposition (Eqs 7, 8 and 15) 

Stage II Stage I n  

E2, E3, 
KJmo kJ/mole In koz m2 n2 KJmo kJ/mole In kos ms 

0.152 

0.151 
0.154 

120.6 

153.2 
153.2 

14.8 

20.0 
19.9 

0.13 

0.14 
0.13 

--2.8 

--3.6 
--  3.4 

0.025 

0.028 
0.024 

9.2 

31.0 
14.2 

--2.9 

--1.5 
--4.7 

2.3 

1.1 
2.7 

No attempt was made to give any physical interpretation to the models of the 
individual decomposition stages. The aim of the study was to obtain an adequate 
mathematical description of the process, valid over a wide range of conditions 
of the decomposition reaction. In this connection model (16) was checked on 29 
experimental curves recorded under various conditions of temperature rise 
(Table 1). 

Comparison of the experimental values with the weight loss values calculated 
from the model is illustrated in Fig. 2. 

The agreement of the model with the experimental data in the region correspond- 
ing to the first two decomposition stages is satisfactory. As expected from the scat- 
ter of the data, the region corresponding to the third decomposition stage shows 
a poorer fit of the model to the data. 

C o n c l u s i o n s  

Estimation of the activation energy as a function of the weight loss of the sample 
subjected to thermal decomposition allows one to point out the experimental 
data with the prevalent effects on the individual decomposition stages. From these 
data, reaction kinetic models can subsequently be derived in suitable forms and 
approximate values of the parameters of these models can be evaluated. 

The non-linear estimation approach used is good to account for the overlapping 
effects of the successive stages and to estimate the values of the kinetic parameters 
from complete experimental data taken under various conditions of temperature 
rise. 

For a correctly chosen decomposition model the activation energy values de- 
termined by the non-linear estimation approach show a satisfactory agreement 
with the corresponding values found independently of the form of the kinetic 
model. 

J. Thermal Anal. 17, 1979 
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Rt~SUMt~ - -  On a estim6 l'6nergie d'activation de la d6composition de l 'oxyde d'aluminium en 
fonction de la perte de poids ~ partir de donn6es thermogravim6triques obtenues avec un large 
intervalle de vitesses de chauffage, sans avoir recours au mod61e du m6canisme de la rdaction. 

On a utilis6 ensuite ces valeurs de l'6nergie d'activation pour distinguer les 6tap6s individuel- 
les de la d6shydratation et pour d6terminer les meilleurs mod61es de cin6tique rdactionnelle 
correspondant ~t celles-ci. 

Enfin, on a formul6 un mod61e gdndral de d6composition et ddtermin6 ces param6tres par 
approximations non lin6aires. 

ZUSAMMENFASSUNG- -- Die Aktivierungsenergie der Zersetzung von Aluminiumhydroxid 
wurde in Abh/ingigkeit yore Gewichtsverlust aus einen weiten Bereich yon Aufheizgeschwin- 
digkeiten umfassenden thermogravimetrischen Daten gesammelt, ohne auf das Modell des 
Reaktionsmechanismus einzugehen. 

Diese Werte der Aktivierungsenergien wurden daraufhin zur Unterscheidung einzelner 
Dehydratisierungsstufen und zur Bestimmung der besten Modelle der Reaktionskinefik dieser 
Stufen eingesetzt. 

Schlieglich wurde ein allgemeines Zersetzungsmodell formuliert und seine Parameter durch 
nichtlineare Sch~tzungsn/iherung bestimmt. 

Pe3ioMe - -  9HeprH~[ aKT/elBaI~HR pa3no)KeHFLq FH~pOOKIICI~I aYnOMI~IHI4~I B 3aB!~ICHMOCTI4 nOTepK 
Beca 6blna oi~eRerla no TepMorpaB~IMeTp~IxtecIr ,7IaHm, IM, co6paaHblM B mI~poI~o~ o6nacTrI 
CKOpOCTe~ HarpeBa, He nprI6eras K Mo~en~I MexaI~3Ma peaKi<rlH. ~T/eI 3HaqeH!~ 3HeprmI aK- 
TrlBalim, i 6blJIK BIIOCYle~CTBI'IH HCIIOYlB3OBaHBI ,/IY[9I pa3AeJIeHI, I~ aH~IBrI~yaabHblX cTa~IrI~ pa3- 
2io~KeHrI,q II ~n~t onpeAenemla rlarlzlymnrlx Mo~e~Ie~t I~I, IHeTrlK~ peaglIrfft AJI~ STHX cTa~II~. 
Ilpe~cTaBJIeHa Tag)Ke rlonRaa MO2IeJIl, pa32io~ei-iH~ ~t Ollpe~eJieHbi ee napaMeTpbi c lqOMOIL~btO 
HeJIItHe~aOrO o/LeHOqHOFO npK6YlH~KeHI~. 
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